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We investigate systematically the quark-hadron mixed phase in dense stellar matter, and its
influence on compact star structures. The properties of quark matter and hadronic matter are fixed
based on various model predictions. Beside adopting constant values, the surface tension Σ for the
quark-hadron interface is estimated with the multiple reflection expansion method and equivparticle
model. To fix the structures of quark-hadron pasta phases, a continuous dimensionality of the
structure is adopted as proposed by Ravenhall, Pethick, and Wilson. The corresponding properties
of hybrid stars are then obtained and confronted with pulsar observations. It is found that the
correlation between radius and tidal deformability in traditional neutron stars preserves in hybrid
stars. For those permitted by pulsar observations, in almost all cases the quark phase persists inside
the most massive compact stars. The quark-hadron interface plays an important role on hybrid
star structures once quark matter emerges. The surface tension Σ estimated with various methods
increases with density, which predicts stiffer EOSs for the quark-hadron mixed phase and increases
the maximum mass of hybrid stars. The EOSs of hybrid star matter are well constrained at densities
n <∼ 0.8 fm−3, while larger uncertainty is expected at higher densities.
PACS numbers: 21.65.Qr, 25.75.Nq, 26.60.Kp
I. INTRODUCTION
Due to the asymptotic freedom of strong interaction,
the deconfinement phase transition is expected as one
increases the density of hadronic matter. However,
it is still unclear how such a transition takes place.
Traditionally, for zero temperature cases, a first-order
phase transition between hadronic matter (HM) and
quark matter (QM) was predicted by various quark
models, which indicates a quark-hadron mixed phase
(MP) [1–5]. Adopting different surface tension values
for the quark-hadron interface, it was found that the
MP exhibits various structures [6]. For vanishing surface
tensions and Coulomb interactions, the MP is comprised
of HM and QM that satisfy the Gibbs condition [1]. If a
moderate surface tension is employed, with the charged
particles relocate themselves via charge screening effects,
geometrical structures appear [6–14]. Those structures
become unstable for enough large surface tensions, which
leads to a bulk separation of quark and hadron phases,
i.e., the Maxwell construction scenarios.
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Ever since the first discovery in 1967 [15], more than
2800 pulsars have been observed [16]. This number
is increasing exponentially with the implementation of
powerful telescopes [17–20]. Being the natural labo-
ratory of dense matter, the observation of pulsars has
put strong constraints on the properties of strongly
interacting matter at highest densities [21–24]. By
analyzing its orbital motion through the arrival times
of the pulsations, the masses of approximately 70 pul-
sars in binary systems were measured [21], where the
precise mass measurements of the two-solar-mass pulsars
PSR J1614-2230 (1.928 ± 0.017 M) [25, 26] and PSR
J0348+0432 (2.01 ± 0.04 M) [27] have put strong
constraints on the equation of state (EOS) of dense
stellar matter. Pulsars that are heavier than 2 M are
expected, e.g., the presently heaviest PSR J0740+6620
(2.14+0.10−0.09M) [28] and possibly the more massive PSR
J2215+5135 (2.27+0.17−0.15 M) [29]. Nevertheless, based on
the numerical simulations of binary neutron star merger
event GW170817, an upper limit of the maximum mass
has been suggested (≤ 2.35M) [30–32]. Both the masses
and radii of pulsars may be accurately measured via
pulse-profile modeling [33], where recently the NICER
mission has obtained the mass (1.18-1.59 M) and radius
(11.52-14.26 km) of PSR J0030+0451 [34, 35]. With the
first observation of gravitational waves from GW170817
event, the dimensionless combined tidal deformability of
pulsars are constrained within 302 ≤ Λ˜ ≤ 720 [36–41],
with the corresponding radii estimated to be 11.9+1.4−1.4
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2km [42]. A combination of the observed masses, radii,
and tidal deformabilities of pulsars gives rise to the
strongest constraint for dense matter.
In our previous study [13], we have considered the
possibility of constraining the surface tension from pulsar
observations, where a first-order deconfinement phase
transition was assumed. By adopting the covariant
density functional TW99 [43] for nuclear matter and
perturbation model [44] for quark matter, it was found
that varying the surface tension value will have sizable
effects on the radii and tidal deformabilities of 1.36-solar-
mass hybrid stars.
Nevertheless, due to the important roles played by
many-body interactions as well as the emergence of
hadrons other than nucleons, the properties of hadronic
matter at densities larger than twice the nuclear sat-
uration densities are not very well constrained, where
the differences between various predictions grow dramat-
ically [45]. Meanwhile, even though the perturbation
model gives reliable predictions at ultra-high densi-
ties [46], the properties of quark matter inside hybrid
stars are poorly constrained. Under such circumstances,
in the present work, we further extend our study by inves-
tigating systematically the hadron-quark deconfinement
phase transition in dense stellar matter, where various
combinations of models that describe QM and HM are
adopted along with different values of surface tension.
For hadronic matter, we adopt 10 different EOSs
predicted by relativistic-mean-field (RMF) model [47]
and variational method with realistic baryon interac-
tions [48, 49]. Among them, two EOSs include the
contributions of hyperons explicitly. For the quark phase,
we adopt 46 EOSs predicted by equivparticle model [50–
52], perturbation model [44, 53, 54], and Nambu-Jona-
Lasinio (NJL) model [55, 56].
To fix the structures of quark-hadron pasta phases, a
continuous dimensionality of the structure is introduced
as proposed by Ravenhall et al. [57]. The energy
contribution due to the quark-hadron interface is treated
with a surface tension Σ, for which we employ con-
stant values as well as those estimated by the multiple
reflection expansion method [58–61] and equivparticle
model including both linear confinement and leading-
order perturbative interactions [62, 63].
The EOSs of hybrid star matter are obtained, while the
corresponding compact star structures are determined by
solving the Tolman-Oppenheimer-Volkov (TOV) equa-
tion. For the EOSs of hybrid star matter consistent
with pulsar observations, it is found that in almost all
cases the quark phase takes place inside the most massive
compact stars. Once quark matter emerges, we find that
the quark-hadron interface plays an important role on
hybrid star structures.
The paper is organized as follows. We present our
theoretical framework in Sec. II, Sec. III, and Sec. IV.
Two formalisms are adopted for the HM, i.e., the RMF
model in Sec. II A and the variational method in Sec. II B.
The equivparticle model, perturbation model, and NJL
model for QM are introduced in Sec. III. The formalism
in obtaining the structures of quark-hadron mixed phase
is introduced in Sec. IV A, while the surface tension of
quark-hadron interface is obtained in Sec. IV B. The
numerical results are presented and discussed in Sec. V.
Our conclusion is given in Sec. VI.
II. EFFECTIVE MODELS FOR HADRONIC
MATTER
A. RMF model
The Lagrangian density for infinite nuclear matter
obtained with RMF model [47] reads
LNM =
∑
i=n,p
Ψ¯i
[
iγµ∂µ −m∗ − γ0 (gωω + gρτi,3ρ3)
]
Ψi
− 1
2
m2σσ
2 +
1
2
m2ωω
2 +
1
2
m2ρρ
2
3 + U(σ, ω). (1)
Here the Dirac spinor Ψi represents nucleons with the ef-
fective mass m∗ = m+gσσ and isospin τ i. Three types of
mesons are included to describe the interactions between
nucleons, i.e., σ-, ω-, and ρ-mesons with their masses
being mσ, mω and mρ, respectively. The baryon number
density is given by n = nn + np =
∑
i=n,p〈Ψ¯iγ0Ψi〉. In
this work, we adopt two different schemes for the density
dependence of effective interaction strengths, i.e., the
nonlinear self-couplings of σ and ω mesons in U(σ, ω) and
the Typel-Wolter ansatz with density dependent coupling
constants [43].
The nonlinear self-couplings for σ and ω mesons are
U(σ, ω) = −1
3
g2σ
3 − 1
4
g3σ
4 +
1
4
c3ω
4, (2)
where we have adopted the effective interaction TM1 [64],
i.e., Shen EOS2 [65]. Meanwhile, it was shown that the
slope of symmetry energy L = 110.8 MeV predicted by
TM1 was too large according to various constrains from
nuclear physics and pulsar observations, which can be
reduced to L = 40 MeV by adding the cross coupling
term
Lωρ = Λvg2ωg2ρω2ρ2. (3)
This gives Shen EOS4 by adopting the effective interac-
tion TM1e [66]. To further include the contribution of
Λ hyperons, in Eq. (1) we add the following Lagrangian
density [67–70],
LY = ψ¯Λ
[
iγµ∂µ −m∗Λ − γ0αωΛgωω
]
ψΛ, (4)
where m∗Λ = mΛ + ασΛgσσ is the effective mass of the
Λ hyperon. The ratio of coupling constants αωΛ ≡
gωΛ/gω = 2/3 is predicted by the naive quark model [71],
then ασΛ ≡ gσΛ/gσ = 0.621 is obtained by reproducing
the binding energies of Λ-hyperon in Λ-hypernuclei, i.e.,
Shen EOS3 [65]. However, the obtained hyperonic EOS
3is too soft to support massive neutron stars, i.e., the
hyperon puzzle. To resolve this, larger values of gωΛ
was adopted to provide more repulsive interaction from
ω meson, where in this work (denoted as TM1Λ) we take
αωΛ = 1 and ασΛ = 0.887 [70].
Despite the great successes in describing finite nuclei
with nonlinear self-couplings of mesons, a direct exten-
sion of the density functional to higher densities may
cause problems of stability. Alternatively, we can adopt
couplings that depend explicitly on densities, which
can be derived from self-energies of Dirac-Brueckner
calculations of nuclear matter [43, 72]. We thus adopt
the effective nucleon-nucleon interactions PKDD [73],
TW99 [43], DDME2 [74], and DD2 [75], where U(σ, ω) =
0 and the density dependence of coupling constants
gσ,ω,ρ [43] are obtained with
gσ,ω(n) = gσ,ω(n0)aσ,ω
1 + bσ,ω(n/n0 + dσ,ω)
2
1 + cσ,ω(n/n0 + eσ,ω)2
, (5)
gρ(n) = gρ(n0) exp [−aρ(n/n0 − 1)]. (6)
Here n0 represents the nuclear saturation density.
Carrying out standard mean-field and no-sea approx-
imations, one obtains the energy density E, chemical
potentials µB, and pressure P at given baryon density n.
Then the EOSs for nuclear matter and hypronic matter
can be obtained.
B. Variational methods
The variational method for uniform nuclear matter was
developed in Refs. [76–78], where the nuclear Hamilto-
nian composed of a two-body potential Vij and three-
body potentials Vijk are given by
H = −
N∑
i=1
h¯2
2mn
∇2i +
N∑
i<j
Vij +
N∑
i<j<k
Vijk. (7)
Adopting the Argonne v18 (AV18) two-body nuclear po-
tential [79] and the Urbana IX (UIX) three-body nuclear
force [80, 81], the free energy per nucleon of uniform
nuclear matter is predicted by the cluster variational
method using the Jastrow wave function [49]. Then
the equation of states for nuclear matter (denoted as
VM) can be obtained, which was discussed in detail in
Ref. [49]. For hyperonic EOS (VMΛ), we adopt the
results presented in Ref. [82] with three body forces of
hyperons.
A more sophisticated variational method with the
Fermi Hypernetted Chain calculations was performed
for SNM and PNM by Akmal, Pandharipande, and
Ravenhall (APR) [48], where the aforementioned realistic
nuclear Hamiltonian and Jastrow wave function were
adopted. The energy density of nuclear matter obtained
in Ref. [48] are fixed by the fitted formula
EHM =
[
h¯2
2m
+
(
p3 +
1 + δ
2
p5
)
ne−p4n
]
ν5n
5pi2
+
[
h¯2
2m
+
(
p3 +
1− δ
2
p5
)
ne−p4n
]
ν5p
5pi2
+ g(n, δ = 0) (1− δ)2 + g(n, δ = 1)δ2. (8)
Here δ = (nn−np)/n is the isospin asymmetry and νp,n =
(3pi2np,n)
1/3 the Fermi momentum of nucleons. A more
detailed description on the parameters pi and functional
form g(n, δ) can be found in the original publication [48].
In this work, we adopt the most comprehensive case
employing the AV18 two-body nuclear potential and
UIX three-body interaction [80, 81] with relativistic
corrections.
C. The EOSs of nuclear/hyperonic matter
Finally, for the hadronic phase, we adopt in total
10 different EOSs, i.e., 8 nuclear EOSs (TM1e, TM1,
PKDD, TW99, DDME2, DD2, VM, APR) and 2 hy-
peronic EOSs (TM1Λ and VMΛ). These EOSs are
predicted by both RMF model with various effective
interactions and variational methods started from real-
istic baryon interactions. The corresponding saturation
properties are indicated in Table I and compared with
the constraints from terrestrial experiments and nuclear
theories [83], which give the binding energy ε ≈ 16
MeV, the incompressibility K = 240 ± 20 MeV [84],
the symmetry energy S = 31.7 ± 3.2 MeV and its slope
L = 58.7±28.1 MeV [85, 86] around n0 ≈ 0.15-0.16 fm−3
and δ = 0. The uncertainties may be further reduced
if the constraints from the GW170817 binary neutron
star merger event [36, 42] are included [87], e.g., a
recent estimation suggests K = 250.23 ± 20.16 MeV,
S = 31.35± 2.08 MeV and L = 59.57± 10.06 MeV [88].
In general, TM1 and PKDD slightly overestimate K, S,
and L, while TM1e predicts reasonable symmetry energy
properties. The VM EOS has the smallest S and L but
still lie within the permitted ranges.
At larger densities, in Fig. 1 we present the pressures
of symmetric nuclear matter (SNM) and pure neutron
matter (PNM) as functions of baryon number density,
which are compared with the constraints from the flow
data of heavy ion collisions [89]. It is found that
the EOSs of nuclear matter predicted by TM1e, TM1,
PKDD, DDME2 and DD2 are slightly stiffer than those
constrained from the flow data of heavy ion collisions [89].
Nevertheless, the emergence of the quark phase may ease
the tension and reduce the stiffness of EOSs effectively.
The EOS of neutron star matter can be obtained
by further including the contributions of electrons and
muons, where their energy densities take the form of free
Fermi gas with
E0i =
gim
4
i
16pi2
[
xi(2x
2
i + 1)
√
x2i + 1− arcsh(xi)
]
. (9)
4TABLE I. The saturation properties of nuclear matter and
the corresponding maximum masses Mmax and radii R1.4 of
1.4 solar-mass neutron stars predicted by various methods.
For TM1Λ and VMΛ, the hyperons have little impact on R1.4,
while the maximum masses are reduced to 2.06 and 2.16 M,
respectively.
n0 ε K S L Mmax R1.4
fm−3 MeV MeV MeV MeV M km
TM1e [66] 0.145 16.26 281.16 31.38 40 2.13 13.1
TM1 [64] 0.145 16.26 281.16 36.89 110.79 2.18 14.3
PKDD [73] 0.150 16.27 262.19 36.79 90.21 2.33 13.6
TW99 [43] 0.153 16.25 240.27 32.77 55.31 2.08 12.3
DDME2 [74] 0.152 16.14 250.92 32.30 51.25 2.49 13.2
DD2 [75] 0.149 16.02 242.72 31.67 55.04 2.43 12.8
VM [49] 0.160 16.09 245 30.0 37 2.22 11.6
APR [48] 0.160 16.00 269.28 33.94 57.9 2.19 11.4
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FIG. 1. The pressures of symmetric nuclear matter
(SNM) and pure neutron matter (PNM) predicted by various
nuclear theories, which are compared with the experimental
constraints from the flow data [89].
Here ge,µ = 2 is the degeneracy factor and xe,µ ≡
νe,µ/me,µ with νe,µ being the Fermi momentum of
leptons, which predicts their number densities ne,µ =
ν3e,µ/3pi
2. The total energy density of neutron star
matter is obtained with E = EHM + Ee + Eµ. Then
the pressure is determined by P =
∑
i µini − E with
the chemical potential µi =
∂E
∂ni
. In Fig. 2 we present
the EOSs of neutron star matter, which are obtained
by simultaneously fulfilling the β-stability condition and
local charge neutrality condition.
Based on the EOSs indicated in Fig. 2, the correspond-
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FIG. 2. The pressure of neutron star matter as functions of
energy density.
ing structures of compact stars are obtained by solving
the TOV equation
dP
dr
= −GME
r2
(1 + P/E)(1 + 4pir3P/M)
1− 2GM/r , (10)
dM
dr
= 4piEr2, (11)
while the tidal deformability is estimated with
Λ =
2k2
3
(
R
GM
)5
. (12)
Here the gravity constant is taken as G = 6.707 ×
10−45 MeV−2, while k2 is the second Love number and
is obtained from the response of the induced quadrupole
moment Qij in a static external quadrupolar tidal field
Eij with Qij = −k2 2R53G Eij [90–92]. Note that at
n < 0.08 fm−3 we have adopted the EOSs presented in
Refs. [93–95], which account for the crusts of neutron
stars. For the cases of TM1, TM1Λ, TM1e, VM, and
VMΛ, the crust EOSs were previously obtained, i.e.,
Shen EOSs [65, 66] and VM EOSs [49, 82]. However,
instead of using those EOSs, we still adopt the crust
EOSs presented in Refs. [93–95] since the variations on
neutron star structures are relatively small. The obtained
mass, radius, and tidal deformability are presented in
Fig. 3 and compared with astrophysical observations,
where the maximum masses and radii of 1.4M neutron
stars are indicated in Table I. All the maximum masses
of compact stars predicted by various EOSs in Fig. 2 are
consistent with the observational mass (2.14+0.10−0.09M) of
PSR J0740+6620 [28]. Nevertheless, we should mention
that the velocity of sound will exceed c for APR, VM, and
VMΛ at n ≥ 0.87, 0.90, and 1.08 fm−3, which are reached
in center regions of the massive compact stars indicated
in Fig. 3. The tidal deformabilities predicted by TM1e,
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FIG. 3. The mass, radius, and tidal deformability of
neutron stars obtained with the EOSs presented in Fig. 2.
The maximum masses Mmax and radii R1.4 of 1.4M neutron
stars are indicated in Table I.
PKDD, DDME2, and DD2 slightly exceed the constraint
302 ≤ Λ˜ ≤ 720 from the GW170817 binary neutron
star merger event [36–41], which coincide with the
experimental constraints on SNM from the flow data [89]
in Fig. 1. Note that the recent radius measurements of
PSR J0030+0451 with the equatorial radius Req = 11.52-
14.26 km and mass M = 1.18-1.59 M obtained via
pulse-profile modeling in the NICER mission [34, 35] do
not constrain the EOSs adopted here.
III. EFFECTIVE MODELS FOR QUARK
MATTER
A. Equivparticle model
In the equivparticle model, the quarks are treated as
quasi-free particles with density dependent equivalent
masses. Taking into account both the linear confinement
and leading order perturbative interactions, the quark
mass scaling is given by [52]
mi(n) = mi0 +
D
n1/3
+ Cn1/3. (13)
Here mi0 is the current mass of quark flavor i (i =
u, d, s) [96] and n ≡ ∑i=u,d,s ni/3 the baryon number
density. The confinement parameter D is connected to
the string tension σ0, the chiral restoration density ρ
∗,
and the sum of the vacuum chiral condensates
∑
q〈q¯q〉0.
Meanwhile, the perturbative strength parameter C is
linked to the strong coupling constant αs. Due to the
uncertainties in relevant quantities, we do not know the
exact values of D and C. Nevertheless, it has been
estimated that
√
D approximately lies in the range of
(147, 270) MeV [51] and C <∼ 1.2 [52]. In this work, we
adopt the parameter sets (C,
√
D in MeV): (−0.2, 180),
(0, 180), (0.7, 140), (0.7, 180), (1, 140), and (1, 180).
At zero temperature, the energy density EQM =∑
i=u,d,sE
0
i (νi,mi) and particle number density ni =
ν3i /pi
2 are identical to the cases of free Fermi gas with
E0i given by Eq. (9) and gu,d,s = 6. Note that in Eq. (9)
we adopt the mass scaling of Eq. (13) for quarks, i.e.,
mi ≡ mi(n). The pressure is determined by PQM =∑
i=u,d,s µini − EQM with the chemical potential µi =
∂EQM
∂ni
.
B. Perturbation model
By expanding the thermodynamic potential density of
quark matter to the order of αs [44], one obtains
Ωpt =
Nf∑
i
(
ω0i + ω
1
i αs
)
, (14)
with
ω0i = −
gim
4
i
24pi2
[
uivi
(
u2i −
5
2
)
+
3
2
ln(ui + vi)
]
, (15)
ω1i =
gim
4
i
12pi3
{[
6 ln
(
Λ¯
mi
)
+ 4
]
[uivi − ln(ui + vi)]
+3 [uivi − ln(ui + vi)]2 − 2v4i
}
, (16)
where ui ≡ µi/mi and vi ≡
√
u2i − 1 with µi and mi
being the chemical potential and mass of quark flavor
i. The running coupling constant and quark masses are
obtained by solving the β-function and γ-function [97],
which gives [44]
αs(Λ¯) =
1
β0L
(
1− β1 lnL
β20L
)
, (17)
mi(Λ¯) = mˆiα
γ0
β0
s
[
1 +
(
γ1
β0
− β1γ0
β20
)
αs
]
. (18)
Here L = 2 ln
(
Λ¯
ΛMS
)
with ΛMS = 376.9 MeV being
the MS renormalization point, while the invariant quark
masses are fixed as mˆu = 3.8 MeV, mˆd = 8 MeV,
and mˆs = 158 MeV [96]. The parameters are given by
β0 = 9/4pi, β1 = 4/pi
2, γ0 = 1/pi and γ1 = 91/24pi
2. In
this work, we take the renormalization scale Λ¯ = C1(µu+
µd+µs)/3 with C1 = 1–4 [46], while a parameterized bag
constant is also adopted [13, 98, 99], i.e.,
B = BQCD + (B0 −BQCD) exp
[
−
(∑
i µi − 930
∆µ
)4]
(19)
with BQCD = 400 MeV fm
−3 and B0 = 50 MeV fm−3.
Finally, the thermodynamic potential density for quark
matter is given by ΩQM = Ω
pt +B. The particle number
density, energy density, and pressure are then obtained
6with ni = −∂ΩQM∂µi , EQM = ΩQM +
∑
i µini, and PQM =
−ΩQM. In this work, we take the parameters C1 = 2,
2.5, 3, 3.5 and ∆µ = 770, 800, 830, 860, 890, 920, 950,
980 MeV.
C. NJL model with vector interactions
In the mean-field approximation, the Lagrangian den-
sity of a SU(3) NJL model is given by
LNJL =
∑
i=u,d,s
ψ¯i
[
iγµ∂µ −Mi − 4GV γ0ni
]
ψi (20)
+ 2
∑
i=u,d,s
(
GV n
2
i −GSσ2i
)
+ 4Kσuσdσs,
where the constituent quark mass reads
Mi = mi0 − 4GSσi + 2Kσjσk. (21)
At T = 0, the thermodynamic potential density of
quark matter predicted by the NJL model is determined
by
ΩQM =
∑
i=u,d,s
[ω0i (µ
∗
i ,Mi)− E0i (Λ,Mi) + 2GSσ2i
− 2GV n2i ]− 4Kσuσdσs − E0 (22)
with ω0i given by Eq. (15) and E
0
i by Eq. (9). Here a
constant E0 is introduced to ensure ΩQM = 0 in the
vacuum. Λ is the three dimensional momentum cutoff to
regularize the vacuum part, and µ∗i the effective chemical
potential which is connected with the true chemical
potential via
µ∗i = µi − 4GV ni. (23)
Based on the thermodynamic potential density in
Eq. (22), the chiral condensate is given by σi =
∂ΩNJL
∂Mi
and quark number density ni = ν
3
i /pi
2. The
energy density and pressure are then obtained with
EQM = ΩQM +
∑
i µini and PQM = −ΩQM. In this
work, two different sets of parameters are adopted, i.e.,
the sets HK (Λ = 631.4 MeV, mu0 = md0 = 5.5 MeV,
ms0 = 135.7 MeV, GS = 1.835/Λ
2, K = 9.29/Λ5) [55]
and RKH (Λ = 602.3 MeV, mu0 = md0 = 5.5 MeV,
ms0 = 140.7 MeV, GS = 1.835/Λ
2, K = 12.36/Λ5) [56].
For the vector coupling GV , the Fierz-transition predicts
GV = 0.5GS , while in this work we take it as a free
parameter with GV = 0, 0.5GS , GS , and 1.5GS .
D. General discussion on the quark EOSs
Comparing with nuclear matter cases, we have lit-
tle constraints on the properties of quark matter at
intermediate densities. At ultra-high densities (n >∼
40n0), however, Quantum Chromodynamics (QCD) can
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be solved with perturbative approaches [46]. The corre-
sponding EOS at highest densities is then expected to be
reproduced by the perturbation model (pQCD) explained
in Sec. III B. The NJL model, on the other hand, is a low-
energy model for QCD, where the gluons are integrated
out while retaining only local quark interactions. The
corresponding coupling constants of NJL model are then
fixed by reproducing the masses of pi, K, η′ and the pi
decay constant [55, 56]. The equivparticle model carries
similar traits of quasiparticle model [100, 101], where the
results of pQCD at highest densities can be reproduced
with the parameter C in Eq. (13) depending explicitly on
αs [52]. Meanwhile, the linear confinement of quarks are
well treated with an inversely cubic mass scaling in the
equivparticle model [102]. Note that in this work we have
neglected the effects of color superconductivity [103],
which shall be considered in our future studies.
With the energy contributions of leptons determined
by Eq. (9), the EOSs of quark matter in compact
stars can be obtained by simultaneously fulfilling the β-
stability condition µu + µe = µd = µs, µe = µµ and
local charge neutrality condition
∑
i qini = 0 with qi
(qu = 2/3, qd = qs = −1/3 and qe = qµ = −1) being
the charge of particle type i. The corresponding energy
7per baryon of quark matter predicted by various quark
models are then presented in Fig. 4, which include 46
EOSs of quark matter, i.e., 6 of them obtained with
equivparticle model, 32 with perturbation model, and
8 with NJL model. Note that stiffer EOSs are obtained
with larger C, C1, GV and smaller ∆µ in those models.
IV. MIXED PHASE AND QUARK-HADRON
INTERFACE
A. Inhomogeneous structures
If the surface tension of quark-hadron interface Σ
is smaller than the critical value Σc, inhomogeneous
structures of the mixed phase will emerge, i.e., the pasta
phases. Adopting linearization for the charge densities of
quark and hadron phases, the critical surface tension Σc
can be estimated with [10]
Σc =
(
µHe0 − µQe0
)2
8piα
(
λQD + λ
H
D
) , (24)
where µH,Qe0 are the electron chemical potential and λ
H,Q
D
the Debye screening length of hadronic matter (H) and
quark matter (Q) fulfilling both the β-stability condition
and local charge neutrality condition. To obtain the
properties of quark-hadron pasta phases, we adopt the
formalism with a continuous dimensionality proposed
by Ravenhall et al. [57], where the energy density is
determined by
Et = Es + EC + χE
I + (1− χ)EII (25)
with
Es = dχ
Σ
r
, (26)
EC =
2piαχr2nIch
2
(1− χ)2(d+ 2)
[
2
d− 2
(
1− d
2
χ1−
2
d
)
+ χ
]
.(27)
Here χ, r, and nIch are the volume fraction, radius, and
charge density of phase I, and EI,II the corresponding
energy densities. The continuous dimensionality d lies
in the range 1 ≤ d ≤ 3, where d = 1, 2, 3 represent
the slab, rod/tube, droplet/bubble phases, respectively.
For the case d = 2, Eq. (27) could yield the correct
expression containing a logarithmic term [104]. The
global charge neutrality condition χnIch + (1− χ)nIIch = 0
is fulfilled for the two phases in the cell. In Eq. (25), the
term Es represents the energy contribution of the quark-
hadron interface, while EC corresponds to the Coulomb
energy per unit volume. Note that due to the charge
screening effects, the local densities nI,II, nI,IIch , and E
I,II
should in principal vary with space coordinates. For
simplicity, we neglect such effects and the densities in
each phase are assumed to be constants, which may
affect our estimations on the sizes of the inhomogeneous
structures at large Σ (close to Σc). However, for smaller
Σ, the nonuniform distributions of charged particles in
each phase become insignificant and assuming constant
densities gives a fairly well description. In any cases, the
negligence of charge screening effects has little impact on
the obtained EOSs of MP.
The structures of MP can be fixed by minimizing the
energy density in Eq. (25) at a given total baryon number
density n = χnI + (1 − χ)nII. By taking derivatives
of Et with respect to each independent parameters
(r, χ, d, nI, nIch) and equate them with zero, one obtains
the following equations:
Es = 2EC, (28)
P I − P II =
dΣ
(
dχ
2
d − d+ χ 2d−1 − χ 2d + 1− χ
)
r(1− χ)
(
dχ
2
d − d− 2χ 2d + 2χ 2d−1
) ,(29)
(
d3 − 12d+ 16)χ− 16
(2d2 − 8) ln(χ) + d3 − 12dχ
2
d−1 = 1, (30)
µIB = µ
II
B , (31)
µIe − µIIe =
dΣ
rnIch
. (32)
Then the structures of MP are obtained by simultane-
ously fulfilling those equations, while the exact phase
state (I = H or Q) is determined for the case that gives
a smaller Et. The quark fraction χQ is then fixed by
χQ =
{
χ, I = Q
1− χ, I = H . (33)
In practice, to further simplify our calculation, we expand
the thermodynamic quantities with respect to µe at
a given baryon chemical potential µB as was done in
Ref. [13], where the chemical potential of each particle
species is given by
µi = BiµB − qiµe. (34)
Here Bi (Bp = Bn = 1, Bu = Bd = Bs = 1/3, and
Be = Bµ = 0) is the baryon number and qi (qp = 1,
qn = 0, qu = 2/3, qd = qs = −1/3 and qe = qµ = −1)
the charge of particle type i. At given µB and µe, the
pressure and energy densities are obtained with
P = P0 − 1
2
n′ch(µe − µe0)2, (35)
E = E0 + E
′(µe − µe0) + 1
2
E′′(µe − µe0)2. (36)
Here P0, E0, and µe0 are the pressure, energy density,
and electron chemical potential corresponding to those
in Figs. 2 and 4, while the derivatives n′ch =
∂nch
∂µe
, E′ =
∂E
∂µe
, E′′ = ∂
2E
∂µ2e
are taken at µe = µe0. The
Debye screening length is related to n′ch with λD ≡
(−4piαn′ch)−1/2. According to the basic thermodynamic
relations, the charge density and baryon number density
are obtained with nch = n
′
ch(µe − µe0) and n = (E +
µench + P )/µB.
8B. The quark-hadron interface
At the quark-hadron interface, the wave functions
of quarks approach to zero due to the presence of
a confinement potential, where quarks are depleted
and the corresponding energy contribution can be
treated with a surface tension Σ. Based on MIT
bag model [105], linear sigma model [106–108], NJL
model [109, 110], three-flavor Polyakov-quark-meson
model [111], Dyson-Schwinger equation approach [112],
equivparticle model [62], nucleon-meson model [113], and
Fermi gas approximations [114, 115], recent estimations
suggest that the surface tension is likely small and
Σ <∼ 30 MeV/fm2. Nevertheless, larger Σ was also
predicted in other investigations [116–118].
By counting the number of depleted quarks, the
average effects due to quark depletion are treated with
a modification to the density of states, i.e., the multiple
reflection expansion (MRE) method [58–61]. Consider
only the surface term, the modification for each quark
flavor i (i = u, d, s) reads [58]
dNMREi
dpi
= −gipi
4pi2
arctan
(
mi
pi
)
S, (37)
where NMREi is the negative number of depleted quarks,
pi the momentum of quarks, and S the surface area. The
corresponding contribution to the surface tension for each
quark species i is then obtained by equating the pressure
PMREi = −ΣMREi dSdV , which gives
ΣMREi =
1
S
∫ νi
0
dNMREi
dpi
(√
p2i +m
2
i −
√
ν2i +m
2
i
)
dpi
=
gim
3
i
48pi2
[
(4xi − 3pi)
√
x2i + 1 + 2pi − 2arcsh(xi)
+2(x2i + 1)
3/2arccot(xi)
]
. (38)
Here xi ≡ νi/mi with νi being the Fermi momen-
tum of quarks. The surface tension predicted by the
MRE method is then obtained with Σ = ΣMRE =∑
i=u,d,s Σ
MRE
i .
Nevertheless, the MRE method tends to overestimate
the surface tension by twice the value obtained with
equivparticle model [62, 63]. This is mainly due to
the different confinement potential adopted in those
models, where the bag mechanism of the MRE method
introduces an infinite wall that results in a sharp density
discontinuity. Since the potential between quarks is
proportional to the distance instead of a wall [119], a
more realistic scenario was obtained with equivparticle
model where confinement can be reached with density
dependent quark masses in Eq. (13). A smoothly varying
quark density is then obtained on the interface, where
the surface tension was found to be connected with
the density of quark matter by Σ ≈ 14.3nQ + 1.3 (in
MeV/fm
2
) [63]. Meanwhile, it was shown that the surface
tension predicted by the MRE method coincides with
equivparticle model if we introduce a dampening factor,
i.e., Σ = 0.3
∑
i=u,d,s Σ
MRE
i . Note that the surface
tension obtained by the equivparticle model [62, 63]
was for the quark-vacuum interface. The contributions
from the hadron phase can be roughly included by
replacing the density of quark matter nQ by the density
difference ∆n ≡ |nQ − nH | between the two phases. To
avoid complications in minimizing the energy density in
Eq. (25), we fix Σ at a given total baryon number density
n for all cases considered here. Nevertheless, the surface
tension estimated with the MRE method or equivparticle
model varies with density, which will alter the baryon
chemical potential and pressure with
µB = µ
I,II
B +
dχ
r
dΣ
dn
, (39)
P = µBn− Et. (40)
The corresponding EOSs of MP will thus become stiffer
if dΣ
dn
> 0, which is the case in our current study.
Due to the uncertainties in Σ, in this work we adopt 9
different values, i.e.,
• Σ = 0 with Gibbs construction;
• Σ = 5, 20, 50 MeV/fm2;
• Σ = 0.5Σc with Σc predicted by Eq. (24);
• Σ = ΣMRE and Σ = 0.3ΣMRE;
• Σ = 14.3∆n+ 1.3;
• Σ > Σc with Maxwell construction.
We have adopted both the Gibbs and Maxwell construc-
tions in the two extreme scenarios with Σ = 0 and Σ >
Σc, a detailed description on those phase construction
schemes can be found in our previous publication [13].
V. RESULTS AND DISCUSSIONS
By equating the pressures of hadronic matter in Fig. 2
and quark matter in Fig. 4, we obtain the critical
chemical potential µTB at which deconfinement phase
transition occurs. In Fig. 5 the corresponding critical
surface tension Σc fixed by Eq. (24) are presented.
As the sizes of the full circles increase, the adopted
model parameters for quark matter evolve in the order
NJL: (HK, GV /GS = 0→1.5), NJL: (RKH, GV /GS =
0→1.5), and Equiv with (C, √D in MeV): (0, 180)→(1,
140)→(1, 180)→(−0.2, 180)→(0.7, 140)→(0.7, 180). In
our previous study [13], we have found a linear correlation
Σc = 0.23(µ
T
B − 930) + 19 with Σc in MeV/fm2 and
µTB in MeV, which is indicated in Fig. 5 with a black
solid line. However, such a linear correlation fails to
reproduce most of the current results in Fig. 5. In
particular, we notice that the slope and intercept of the
line vary with the adopted EOSs for both HM and QM.
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FIG. 5. The critical surface tension Σc estimated with
Eq. (24) as a function of the chemical potential µTB on the
occurrence of deconfinement phase transition. The symbol
color indicates the hadronic EOSs adopted, while the size and
shape represent the adopted quark model.
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FIG. 6. Correlation between tidal deformability and radius
for 1.4M compact stars. Same schemes as Fig. 5 are adopted
for the symbols, while the open squares correspond to the
cases without a deconfinement phase transition.
The inclusion of hyperons also plays a role if we adopt
the effective interaction TM1 for the RMF model, while
those obtained with cluster variational methods (VM and
VMΛ) are not affected due to the much larger onset
density of Λ-hyperons with the inclusion of three-baryon
forces.
With the properties of hadronic matter and quark
matter determined in Sec. II and Sec. III, the structures
of MP inside compact stars are obtained by minimizing
the energy density in Eq. (25) with the surface tension
Σ fixed in Sec. IV B. This indicates in total 4084 EOSs,
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FIG. 7. The permitted maximum masses of hybrid stars
predicted by various combinations of hadronic matter EOSs
and quark matter EOSs. For NJL model, the parameter
set (HK [55] or RKH [56], GV /GS) is indicated explicitly.
Similarly, the parameter set (C,
√
D in MeV) for equivparticle
model is presented as well.
where the corresponding structures of hybrid stars are de-
termined by solving the TOV equation (10). Meanwhile,
the tidal deformabilities of those stars are estimated
with Eq. (12). In Fig. 6 we present the obtained tidal
deformability (Λ1.4) as a function of radius (R1.4) for
1.4M compact stars, which shows a correlation between
those two observable. In general, the traditional neutron
stars indicated with open squares have the largest radius
and tidal deformability, which will decrease as we include
the quark phase. In most cases, for a given hadronic
EOS, there are stronger correlations between Λ1.4 and
R1.4 in hybrid stars, while the inclusion of hyperons has
little impact on the relation. For traditional neutron
stars, in Fig. 6 the black curve indicates the relation
Λ1.4 = 5.9 × 10−5R6.261.4 obtained in Ref. [120], while the
correlation between the maximum mass Mmax and Λ1.4
found in Ref. [88] is not observed due to the first-order
deconfinement phase transition.
By comparing with the observational mass
(2.14+0.10−0.09M) of PSR J0740+6620 [28] as well as
the tidal deformability constraint 70 ≤ Λ1.4 ≤ 580 from
the GW170817 binary neutron star merger event [42],
we obtain the permitted combinations of hadronic
and quark EOSs along with different values of surface
tensions. In addition, we require the hadron-quark
transition density nT at µTB is larger than 0.2 fm
−3
according to heavy-ion collision phenomenology, while
the sound speed of hybrid star matter dose not exceed c.
The permitted combinations of parameters are obtained,
where in Figs. 7 and 8 we present the corresponding
maximum masses and tidal deformabilities.
For the cases where quark matter properties are de-
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FIG. 8. Same as Fig. 7 but with the quark matter properties determined by perturbation model, where the maximum masses
(left) and tidal deformabilities (right) of 1.4M hybrid stars are presented. The model parameter ∆µ is denoted by the size of
each symbol.
termined by equivparticle model and NJL model, the
obtained onset density for quark matter usually exceeds
the central density of 1.4M neutron star if the two-
solar-mass constraint is reached, in which case quark
matter does not appear and Λ1.4 coincides with those
of traditional neutron stars. Nevertheless, quark matter
persists in the most massive compact stars, where in
Fig. 7 we present the maximum masses of hybrid stars
that are consistent with the aforementioned constraints.
For the choices of hadronic EOSs, only APR, VM, VMΛ,
and TW99 persist due to the constraint of the tidal
deformability as indicated in Fig. 3. For APR, VM, and
VMΛ, the maximum mass is reduced since we require
the the sound speed v < c. In most of the cases,
the obtained Mmax increases with Σ, while a slight
deviation is observed for a few cases if Σ is not constant,
e.g., Σ = ΣMRE or Σ = 14.3∆n + 1.3. As indicated
in Fig. 11, the obtained Σ increases with density, so
that the corresponding EOSs of hybrid star matter are
stiffer. In such cases, the maximum mass of hybrid stars
may be even larger than those obtained with Maxwell
construction at Σ > Σc, e.g., the combinations of VM and
equivparticle model. A comparison between the values
of Mmax obtained with VM and VMΛ shows that the
structures of the most massive compact stars are altered
by the emergence of hyperons, despite the deconfinement
phase transition occurred in the center of a compact star.
This can be easily identified according to the hyperon
and quark fractions indicated in Fig. 9, where the Λ-
hyperon appears before QM at n ≈ 0.6 fm−3 and reaches
a fraction of χΛ ≈ 0.1. The corresponding EOSs thus
become softer in comparison with those of VM, where
hyperons persist in MP. The main reason for this to
occur is due to the fact that the energy per baryon of
QM obtained with equivparticle model or NJL model is
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FIG. 9. Hyperon (χΛ ≡ nΛ/n) and quark fractions (χQ) of
quark-hadron mixed phase in hybrid star matter as functions
of baryon number density, which are obtained by adopting the
hadronic EoS VMΛ and Σ = 50 MeV/fm2. The black curve
corresponds to the cases with χQ = 0.
much larger than HM at n <∼ 0.8 fm−3, so that χQ is
reduced and the onset densities of QM are larger than
hyperons.
For those where the quark matter properties are
obtained with perturbation model, the corresponding
hadron-quark transition density nT is small for large
enough C1. In such cases, beside the most massive ones,
the structures of 1.4M hybrid stars are also altered
by the quark phase. This can be observed in Fig. 8,
11
1 . 0
1 . 5
2 . 0
2 . 5
1 . 0 1 . 50 . 0
0 . 2
0 . 4
0 . 6
0 . 8
0 . 5 1 . 0 1 . 5
1
1 0
d
χ Q
D e n s i t y  ( f m - 3 )
 D D 2 D D M E 2 P K D D V M V M Λ T M 1 e
D e n s i t y  ( f m - 3 )
V M  +  E q u i v :  ( 0 . 7 ,  1 4 0 )
r (fm
)
   
  	       
2  
          
2  
  	        
2
  
    	   c
  
   M R E
  
       M R E
  
       n  +  1 . 3 
Σ =  2 0  M e V / f m 2
p Q C D  ( C 1  =  3 ,  ∆µ =  7 7 0  M e V )
FIG. 10. The radius (r), dimensionality (d), and quark fraction (χQ) of quark-hadron mixed phase in hybrid star matter
as functions of baryon number density, which correspond to several representative cases obtained with various surface tension
values (Left panel) and hadronic EOSs (Right panel).
where the maximum masses and tidal deformabilities of
1.4M hybrid stars are presented. At C1 >∼ 2.5, the
obtained maximum mass Mmax and tidal deformability
Λ1.4 usually increase with Σ, while there are few ex-
ceptions, e.g., PKDD, DDME2, and DD2. Note that
in our previous study using TW99, sizable variation
on the tidal deformability was observed with respect to
Σ [13], which is not evident in Fig. 8 since we have ruled
out the cases with Mmax < 2.05 M. If the surface
tension Σ increases with density, the tidal deformability
and maximum mass of hybrid stars may become larger.
The obtained EOSs of hybrid star matter are softer for
larger ∆µ, which predicts smaller Mmax. Nevertheless,
it is worth mentioning that in most cases increasing
Σ will increase Mmax more evidently in comparison
with decreasing ∆µ. For the cases of VM and VMΛ,
adopting small C1 will give similar conclusion as in Fig. 7
since the corresponding quark matter is too unstable to
completely exclude hyperons, where the maximum mass
is reduced with the emergence of hyperons. However, if
we take C1 = 3, as indicated in Fig. 9, quark matter
becomes more stable so that hyperons are suppressed
with χΛ <∼ 0.06 due to a deconfinement phase transition.
The structures of hybrid stars are thus hardly affected
by hyperons. In any cases, hyperons do not appear in
1.4M compact stars with ncentral <∼ 0.57 fm−3 so that
Λ1.4 are the same for those obtained with VM and VMΛ.
With the permitted combinations of hadronic and
quark EOSs along with different values of surface tensions
indicated in Figs. 7 and 8, in Fig. 10 we present the
corresponding radius, dimensionality, and quark fraction
of MP in hybrid star matter as functions of baryon
number density. After the quark matter (phase I)
appears and forms the droplet phase, the obtained
dimensionality will later decrease from d = 3 to d = 1
as we increase the density. Then the phases I and II
switch and the dimensionality increases from d = 1 to
3. For the cases with dimensionality lies in between
(1 < d < 3), the radius r varies smoothly, while
sudden variations are observed during the transition
to d = 1 or 3. It is interesting to note that the
structures of quark-hadron pasta phases vary smoothly
by treating the dimensionality as a continuous variable
with d = 1–3, which may resemble the evolution of
intermediate structures of droplet and rod, slab and
tube found in the quantum molecular dynamics (QMD)
simulations [121] as well as in the fully three-dimensional
calculations adopting RMF model and Thomas-Fermi
approximation [122]. An early emergence of quark
matter is observed if we adopt DD2, DDME2, PKDD,
and TM1e for HM and perturbation model for QM, which
is necessary in order to reduce the tidal deformabilities
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FIG. 11. The surface tension Σ obtained with various
methods. The dashed curve corresponds to the critical surface
tension obtained with Σc = 0.23(µ
T
B − 930) + 19 by taking
µTB = µB [13].
of 1.4M hybrid stars that was otherwise too large
for traditional neutron stars. In general, the quark
fraction χQ increases with density, while there are several
cases where χQ varies non-monotonically if we adopt
the perturbation model for QM. At certain choices of
parameters, a mixed phase may even appear after the
formation of quark phase with χQ = 1, i.e., a retrograde
transition with QM→MP→QM, which is mainly caused
by adopting Eq. (19) for the quark phase. The transition
with HM→MP→HM is also observed for few cases such
as those obtained with NJL model, which is an artifact
since the color confinement is not accounted for and we
thus take χQ = 0, i.e., assuming a single phase of HM.
The variation of χQ becomes more drastic if larger surface
tension values were adopted and the density range of MP
shrinks. Meanwhile, the obtained radii of phase I are
usually on the order of fm and increase with Σ, which
was discussed extensively in previous studies [6–13].
In Fig. 11 we present the surface tension values
estimated with various methods, which are much smaller
than the critical surface tension Σc indicated in Fig. 5.
This is a strong indication that the quark-hadron mixed
phase prefers to form inhomogeneous structures inside
hybrid stars, where the energy reduction ΣcS arises from
the relocation of charged particles is larger than the
surface energy ΣS. Note that we have fixed the surface
tension value at a given total baryon number density n, so
that one does not need to worry about the variations of Σ
in minimizing the energy density in Eq. (25). In general,
the surface tension predicted by various methods are
increasing with µB, where the formula Σ = 14.3∆n+ 1.3
gives the smallest Σ. The corresponding EOSs for MP
are thus stiffer than those obtained with a constant
surface tension, which increases the maximum mass of
hybrid stars as indicated in Figs. 7 and 8. Note that at
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FIG. 12. The pressure of hybrid star matter as functions
of density, which correspond to the permitted cases indicated
in Figs. 7 and 8. The same constraints are applied to the
following figures as well.
µB ≈ 1400 MeV, for few cases the perturbation model
predicts smaller baryon number density of quark matter
than that of hadronic matter, which causes fluctuations
if the surface tension is estimated with Σ = 14.3∆n+1.3.
At larger µB, the relation 0.3Σ
MRE ≈ 14.3∆n + 1.3
can be fulfilled approximately, which coincide with the
predictions of equivparticle model [62, 63]. With the
surface tension values indicated in Fig. 11, the obtained
structures of quark-hadron mixed phase follow the same
trend as indicated in Fig. 10, where the radius r increases
with Σ.
The EOSs of hybrid star matter are presented in
Fig. 12, where the variation of pressure is insignificant
at n <∼ 0.8 fm−3 despite the emergence of quark matter
in many cases. At larger densities, the uncertainty grows
and the pressure obtained with NJL model as well as few
cases of equivparticle model are much larger than those of
perturbation model. Nevertheless, we mention that the
pressure obtained with perturbation model is expected
to be reasonable at highest densities since a perturbation
expansion with respect to αs becomes more reliable [44].
The EOSs of quark-hadron mixed phase is sensitive to the
surface tension value Σ, which become softer with smaller
density range if Σ is larger. The corresponding structures
of hybrid stars are thus varying with Σ as well, where
the maximum mass and tidal deformation are altered as
indicated in Figs. 7 and 8.
Based on the EOSs presented in Fig. 12, the structures
of compact stars can be obtained by solving the TOV
equation (10). In the left panel of Fig. 13 we present
the corresponding M -R relation of hybrid stars. The
obtained radii of 1.4-solar-mass compact stars range from
11.1 km to 12.9 km, which are consistent with the radius
measurements of J0030+0451 [34, 35] and binary neutron
star merger event GW170817 [42]. Meanwhile, the total
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FIG. 13. The mass-radius (M -R) relation and mass fraction
of both QM and MP in hybrid stars obtained with the EOSs
presented in Fig. 12.
mass of quark matter and quark-hadron mixed phase
is obtained with MQM + MMP =
∫ Rc
0
4piEtr
2dr, where
Rc is the critical radius that at r > Rc the quark
fraction χQ reduces to 0. The corresponding fraction
(MQM +MMP)/M is then indicated in the right panel of
Fig. 13. The obtained M -R relation is identical to those
in Fig. 3 before a deconfinement phase transition in the
center. Once the quark phase emerges, the radius of a
compact star becomes smaller and the compactness in-
creases. For those with a smaller onset densities of quark
phase (e.g., TM1e/PKDD/DDME2/DD2 & perturbation
model), the fraction (MQM +MMP)/M increases quickly
starting at M ≈ 0.2-1 M and approaches to almost 1 at
M = Mmax. A third family of compact stars [123, 124]
is observed for the case with a combination of PKDD
& perturbation model (C1 = 3, ∆µ = 770 MeV) &
Σ > Σc, where a jump of 152 MeV fm
−3 in the energy
density from nuclear matter to quark matter is predicted.
Note that if we take a larger ∆µ for Eq. (19), the third
family of compact stars indicated in Fig. 13 will not be
permitted by astrophysical observations. In almost all
combinations of hadronic and quark EOSs along with
different values of surface tensions, the quark phase
persists in the most massive compact stars, where the
fraction (MQM +MMP)/M ranges from 0 to almost 1.
Aside from the observational constraints on the mass,
radius, and tidal deformability, the thermal evolution of
compact stars also provides important information on
their internal composition [125]. Based on the thermal
emission, kinematic measurements, spin period and its
derivative, both the surface temperatures and ages of
compact stars can be estimated [126, 127]. According
to various observational data, the theoretical cooling
models suggest that rapid cooling due to the direct
Urca (DU) processes should not occur in typical neutron
stars within the mass range 1–1.5 M [128–130]. The
DU process in nuclear matter involves the β-decay and
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FIG. 14. Hybrid star masses as functions of the central
density corresponding to those indcated in Fig. 13. The open
and full circles represent the critical mass and central density
beyond which the direct Urca processes of rapid cooling may
take place.
electron capture processes of nucleons, i.e., n → p +
e− + ν¯e and p + e− → n + νe. The quark analogs
of the nucleon DU processes are d → u + e− + ν¯e
and u + e− → d + νe. Those processes will occur
inside compact stars once the momentum conservation
is fulfilled, i.e., the triangle inequalities νn ≤ νp + νe and
νd ≤ νu + νe with νi being the Fermi momentum [131].
If the strangeness is involved, the DU processes such as
Λ → p + e− + ν¯e and s → u + e− + ν¯e should also
take effects. However, we neglect those processes here
since their neutrino emissivities are expected to be less
than that of nucleon/quark DU processes [125] while
hyperons appear at rather large densities as indicated in
Fig. 9. In Fig. 14 the hybrid star masses as functions of
the central density are presented, where the open and
full circles mark the critical mass (MDU) and central
density (nDU) fulfilling the triangle inequalities. For stars
with masses larger than MDU, it was shown that the
neutrino emissivity is enhanced significantly by the DU
processes [132], which cool the stars too rapidly within
just a few years [128].
The obtained critical mass and central density cor-
responding to NJL model and equivparticle model are
usually large with MDU >∼ 2M and nDU >∼ 0.8 fm−3,
which are consistent the observational thermal evolution
of compact stars [128–130]. If a large C1 is adopted
for the perturbation model, QM will emerge at small
densities and lead to the quark DU processes. Meanwhile,
as indicated in Fig. 14, the nucleon DU processes will
take place if we adopt PKDD for HM, where the triangle
inequality is fulfilled due to the reduction of electron
chemical potentials with the appearance of QM. A
more detailed investigation on different combinations
of hadronic EOSs and surface tensions is indicated in
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.
For each combination of C1 and hadronic EOS, the adopted
surface tension value varies in the order Σ = 0, 5, 20, 50
MeV/fm2, 0.5Σc, Σ
MRE, 0.3ΣMRE, 14.3∆n+1.3, and Σ > Σc
from left to right, while ∆µ increases from bottom to top.
Fig. 15, where the critical masses MDU for both nucleon
and quark DU processes are presented. For these where
DU processes never take place, we take MDU = Mmax.
By applying the constraint MDU > 1.5M, it is found
that most combinations of hadronic EOSs with quark
EOSs determined by perturbation model at C1 = 3
are not permitted due to an early emergence of QM at
small hadron-quark transition densities nT <∼ 0.3 fm−3,
which lead to the quark DU processes. Meanwhile,
larger values of nT are obtained with the hadronic EOSs
VM, VMΛ and APR, and consequently the quark DU
processes do not occur if large surface tension values are
adopted. In such cases, an early emergence of QM at
nT <∼ 0.3 fm−3 is prohibited by the DU criterion. At
C1 = 2.5, the small surface tension values Σ = 0 and
14.3∆n + 1.3 are excluded for the hadronic EOSs VM
and VMΛ due to the occurrence of quark DU processes.
Similarly, Σ = 20 MeV/fm
2
, ΣMRE, and 0.3ΣMRE are
not permitted for the hadronic EOS APR. As indicated
in the upper panel of Fig. 15, the hadronic EOS PKDD
is excluded since nucleon DU processes always occur in
typical compact stars, which rules out the third family of
compact stars in Fig. 13. It is worth mentioning that the
color superconductivity of quark matter will effectively
hinder the quark DU processes [125], so that the cases
with MDU < 1.5M in the lower panel of Fig. 15 may
not necessarily lead to a fast cooling and the tension with
the observational data can be eased. For example, if QM
forms a two-flavor superconducting phase, the cooling
history of a hybrid star with a large quark core may
be consistent with the X-ray data [133]. Note that in
the extreme scenario where hybrid stars are comprised
almost entirely of QM in the color-flavor-locked phase,
heat capacity would be too low to be consistent with
observations [134, 135].
VI. CONCLUSION
In this work we investigate systematically the possible
hadron-quark deconfinement phase transition in dense
stellar matter, and its influence on compact star struc-
tures. For the hadronic phase, we adopt in total 10 dif-
ferent EOSs, i.e., 8 nuclear EOSs (TM1e [66], TM1 [64],
PKDD [73], TW99 [43], DDME2 [74], DD2 [75], VM [49],
APR [48]) and 2 hyperonic EOSs (TM1Λ [70] and
VMΛ [82]), which are predicted by relativistic-mean-
field model [47] and variational method with realistic
baryon interactions [48, 49]. For the quark phase, we
adopt 46 EOSs predicted by equivparticle model [50–52],
perturbation model [44, 53, 54], and NJL model with
vector interactions [55, 56]. With the properties of both
hadronic matter and quark matter fixed, the structures
of quark-hadron mixed phase are obtained assuming
a continuous dimensionality as proposed by Ravenhall
et al. [57]. The energy contribution due to the quark-
hadron interface is treated with a surface tension Σ,
where we have taken constant values for Σ as well as
those estimated by the multiple reflection expansion
method [58–61] and equivparticle model including both
linear confinement and leading-order perturbative inter-
actions [62, 63]. The critical surface tension Σc that
accounts for the energy reduction due to the relocation of
charged particles is estimated for various combinations of
quark and hadronic EOSs. It is found that in most cases
we have Σ < Σc, where inhomogeneous structures for the
quark-hadron mixed phase are favored.
As we increase the density of hadronic matter, quark
matter will emerge and forms a quark-hadron mixed
phase. By minimizing the energy density at given
baryon number density, we have obtained the radius,
dimensionality, and quark fraction of MP. It is found
that the obtained radius normally ranges from ∼1 fm
to ∼10 fm, and is increasing with Σ. The radius
evolves more smoothly with density if the dimensionality
changes continuously. Adopting various combinations
of hadronic and quark EOSs along with different values
of surface tensions, the quark fraction usually increases
monotonically and turns into a pure quark phase. The
corresponding EOSs for hybrid star matter are obtained,
which predict the structures of compact stars by solving
the TOV equation. It is found that the correlation
between radius and tidal deformability in traditional neu-
tron stars [88, 120] preserves in hybrid stars. Once quark
matter emerges inside compact stars, the quark-hadron
interface plays an important role on their structures. The
surface tension Σ estimated with the multiple reflection
expansion method or equivparticle model increases with
density, which predicts stiffer EOSs for the quark-hadron
mixed phase and increases the maximum mass of hybrid
15
stars. The hyperons are suppressed if we adopt a quark
model that predicts relatively small energy per baryon
of quark matter at small densities. Based on various
constraints of nuclear physics, causality limit, and pulsar
observations, we obtain the permitted parameter sets
that are consistent with observation. It is found that the
quark phase persists inside the most massive compact
stars in almost all the permitted cases. Meanwhile,
comparing with higher density regions, the variation of
pressure is insignificant at n <∼ 0.8 fm−3 irrespective of
the emergence of quark matter. The current constraints
can be further improved based on the thermal evolution
of compact stars, which rules out an early emergence of
quark matter at densities smaller than 0.3 fm−3 in the
absence of color superconductivity.
ACKNOWLEDGMENTS
This work was supported by National Natural
Science Foundation of China (Grants No. 11705163,
No. 11875052, No. 11525524, No. 11675083, and
No. 11775119) and Ningbo Natural Science Foundation
(Grant No. 2019A610066). The support provided by
China Scholarship Council during a visit of C.-J. X.
to JAEA is acknowledged. The computation for this
work was supported in part by the HPC Cluster of
SKLTP/ITP-CAS and the Supercomputing Center,
CNIC, of the CAS.
[1] N. Glendenning, Compact Stars. Nuclear Physics,
Particle Physics, and General Relativity , 2nd ed., ISBN
978-0-387-98977-8 (Springer-Verlag, Berlin, 2000).
[2] G. X. Peng, A. Li, and U. Lombardo, Phys. Rev. C 77,
065807 (2008).
[3] A. Li, W. Zuo, and G. X. Peng, Phys. Rev. C 91,
035803 (2015).
[4] T. Kla¨hn, R.  Lastowiecki, and D. Blaschke, Phys. Rev.
D 88, 085001 (2013).
[5] I. Bombaci and D. Logoteta, Int. J. Mod. Phys. D ,
1730004 (2016).
[6] T. Maruyama, S. Chiba, H.-J. Schulze, and T. Tatsumi,
Phys. Rev. D 76, 123015 (2007).
[7] H. Heiselberg, C. J. Pethick, and E. F. Staubo, Phys.
Rev. Lett. 70, 1355 (1993).
[8] D. Voskresensky, M. Yasuhira, and T. Tatsumi, Phys.
Lett. B 541, 93 (2002).
[9] T. Tatsumi, M. Yasuhira, and D. Voskresensky, Nucl.
Phys. A 718, 359 (2003).
[10] D. Voskresensky, M. Yasuhira, and T. Tatsumi, Nucl.
Phys. A 723, 291 (2003).
[11] T. Endo, T. Maruyama, S. Chiba, and T. Tatsumi,
Nucl. Phys. A 749, 333 (2005).
[12] N. Yasutake, R.  Lastowiecki, S. Benic´, D. Blaschke,
T. Maruyama, and T. Tatsumi, Phys. Rev. C 89,
065803 (2014).
[13] C.-J. Xia, T. Maruyama, N. Yasutake, and T. Tatsumi,
Phys. Rev. D 99, 103017 (2019).
[14] K. Maslov, N. Yasutake, D. Blaschke, A. Ayriyan,
H. Grigorian, T. Maruyama, T. Tatsumi, and D. N.
Voskresensky, Phys. Rev. C 100, 025802 (2019).
[15] A. Hewish, S. J. Bell, J. D. H. Pilkington, P. F. Scott,
and R. A. Collins, Nature 217, 709 (1968).
[16] “http://www.atnf.csiro.au/research/pulsar/psrcat/,”
ATNF Pulsar Catalogue.
[17] D. Li, IAU General Assembly 22, 2251846 (2015).
[18] R. D. Nan, D. Li, C. J. Jin, Q. M. Wang, L. C. Zhu,
W. B. Zhu, H. Y. Zhang, Y. L. Yue, and L. Qian, Int.
J. Mod. Phys. D 20, 989 (2011).
[19] R. Smits, M. Kramer, B. Stappers, D. R. Lorimer,
J. Cordes, and A. Faulkner, Astron. Astrophys. 493,
1161 (2009).
[20] R. She, H. Feng, F. Muleri, P. Soffitta, R.-X. Xu,
H. Li, R. Bellazzini, Z.-S. Wang, D. Spiga, M. Minuti,
A. Brez, G. Spandre, M. Pinchera, C. Sgro`, L. Baldini,
M.-W. Wen, Z.-X. Shen, G. Pareschi, G. Tagliaferri,
K. Tayabaly, B. Salmaso, and Y.-F. Zhan, Proc. SPIE
9601, 0I (2015).
[21] J. M. Lattimer, Annu. Rev. Nucl. Part. Sci. 62, 485
(2012).
[22] F. O¨zel and P. Freire, Annu. Rev. Astron. Astrophys.
54, 401 (2016).
[23] L. Baiotti, Prog. Part. Nucl. Phys. 109, 103714 (2019).
[24] L. R. Weih, E. R. Most, and L. Rezzolla, Astrophys. J.
881, 73 (2019).
[25] P. B. Demorest, T. Pennucci, S. M. Ransom, M. S. E.
Roberts, and J. W. T. Hessels, Nature 467, 1081
(2010).
[26] E. Fonseca, T. T. Pennucci, J. A. Ellis, I. H. Stairs, D. J.
Nice, S. M. Ransom, P. B. Demorest, Z. Arzoumanian,
K. Crowter, T. Dolch, R. D. Ferdman, M. E. Gonzalez,
G. Jones, M. L. Jones, M. T. Lam, L. Levin, M. A.
McLaughlin, K. Stovall, J. K. Swiggum, and W. Zhu,
Astrophys. J. 832, 167 (2016).
[27] J. Antoniadis, P. C. C. Freire, N. Wex, T. M. Tauris,
R. S. Lynch, M. H. van Kerkwijk, M. Kramer, C. Bassa,
V. S. Dhillon, T. Driebe, J. W. T. Hessels, V. M.
Kaspi, V. I. Kondratiev, N. Langer, T. R. Marsh, M. A.
McLaughlin, T. T. Pennucci, S. M. Ransom, I. H. Stairs,
J. van Leeuwen, J. P. W. Verbiest, and D. G. Whelan,
Science 340, 1233232 (2013).
[28] H. T. Cromartie, E. Fonseca, S. M. Ransom, P. B.
Demorest, Z. Arzoumanian, H. Blumer, P. R. Brook,
M. E. DeCesar, T. Dolch, J. A. Ellis, R. D. Ferdman,
E. C. Ferrara, N. Garver-Daniels, P. A. Gentile, M. L.
Jones, M. T. Lam, D. R. Lorimer, R. S. Lynch,
M. A. McLaughlin, C. Ng, D. J. Nice, T. T. Pennucci,
R. Spiewak, I. H. Stairs, K. Stovall, J. K. Swiggum, and
W. Zhu, Nat. Astron. 4, 72 (2020).
[29] M. Linares, T. Shahbaz, and J. Casares, Astrophys. J.
859, 54 (2018).
[30] L. Rezzolla, E. R. Most, and L. R. Weih, Astrophys. J.
852, L25 (2018).
[31] M. Ruiz, S. L. Shapiro, and A. Tsokaros, Phys. Rev. D
97, 021501 (2018).
[32] M. Shibata, E. Zhou, K. Kiuchi, and S. Fujibayashi,
16
Phys. Rev. D 100, 023015 (2019).
[33] A. L. Watts, W. Yu, J. Poutanen, S. Zhang,
S. Bhattacharyya, S. Bogdanov, L. Ji, A. Patruno, T. E.
Riley, P. Bakala, A. Baykal, F. Bernardini, I. Bombaci,
E. Brown, Y. Cavecchi, D. Chakrabarty, J. Chenevez,
N. Degenaar, M. Del Santo, T. Di Salvo, V. Doroshenko,
M. Falanga, R. D. Ferdman, M. Feroci, A. F. Gambino,
M. Ge, S. K. Greif, S. Guillot, C. Gungor, D. H.
Hartmann, K. Hebeler, A. Heger, J. Homan, R. Iaria,
J. i. Zand, O. Kargaltsev, A. Kurkela, X. Lai, A. Li,
X. Li, Z. Li, M. Linares, F. Lu, S. Mahmoodifar,
M. Me´ndez, M. Coleman Miller, S. Morsink, J. Na¨ttila¨,
A. Possenti, C. Prescod-Weinstein, J. Qu, A. Riggio,
T. Salmi, A. Sanna, A. Santangelo, H. Schatz,
A. Schwenk, L. Song, E. Sˇra´mkova´, B. Stappers,
H. Stiele, T. Strohmayer, I. Tews, L. Tolos, G. To¨ro¨k,
D. Tsang, M. Urbanec, A. Vacchi, R. Xu, Y. Xu,
S. Zane, G. Zhang, S. Zhang, W. Zhang, S. Zheng,
and X. Zhou, Sci. China Phys. Mech. Astron. 62, 29503
(2018).
[34] T. E. Riley, A. L. Watts, S. Bogdanov, P. S. Ray, R. M.
Ludlam, S. Guillot, Z. Arzoumanian, C. L. Baker, A. V.
Bilous, D. Chakrabarty, K. C. Gendreau, A. K. Harding,
W. C. G. Ho, J. M. Lattimer, S. M. Morsink, and T. E.
Strohmayer, Astrophys. J. 887, L21 (2019).
[35] M. C. Miller, F. K. Lamb, A. J. Dittmann, S. Bogdanov,
Z. Arzoumanian, K. C. Gendreau, S. Guillot, A. K.
Harding, W. C. G. Ho, J. M. Lattimer, R. M.
Ludlam, S. Mahmoodifar, S. M. Morsink, P. S. Ray,
T. E. Strohmayer, K. S. Wood, T. Enoto, R. Foster,
T. Okajima, G. Prigozhin, and Y. Soong, Astrophys.
J. 887, L24 (2019).
[36] LIGO Scientific and Virgo Collaborations, Phys. Rev.
Lett. 119, 161101 (2017).
[37] LIGO Scientific and Virgo Collaborations, Phys. Rev.
X 9, 011001 (2019).
[38] M. W. Coughlin, T. Dietrich, B. Margalit, and B. D.
Metzger, Mon. Not. Roy. Astron. Soc. 489, L91 (2019),
1812.04803.
[39] M. F. Carney, L. E. Wade, and B. S. Irwin, Phys. Rev.
D 98, 063004 (2018).
[40] S. De, D. Finstad, J. M. Lattimer, D. A. Brown,
E. Berger, and C. M. Biwer, Phys. Rev. Lett. 121,
091102 (2018).
[41] K. Chatziioannou, C.-J. Haster, and A. Zimmerman,
Phys. Rev. D 97, 104036 (2018).
[42] LIGO Scientific and Virgo Collaborations, Phys. Rev.
Lett. 121, 161101 (2018).
[43] S. Typel and H. Wolter, Nucl. Phys. A 656, 331 (1999).
[44] E. S. Fraga and P. Romatschke, Phys. Rev. D 71, 105014
(2005).
[45] J. Hu, Y. Zhang, E. Epelbaum, U.-G. Meißner, and
J. Meng, Phys. Rev. C 96, 034307 (2017).
[46] E. S. Fraga, A. Kurkela, and A. Vuorinen, Astrophys.
J. 781, L25 (2014).
[47] J. Meng, ed., Relativistic Density Functional for Nuclear
Structure, International Review of Nuclear Physics,
Vol. 10 (World Scientific Pub Co Pte Lt, 2016).
[48] A. Akmal, V. R. Pandharipande, and D. G. Ravenhall,
Phys. Rev. C 58, 1804 (1998).
[49] H. Togashi, K. Nakazato, Y. Takehara, S. Yamamuro,
H. Suzuki, and M. Takano, Nucl. Phys. A 961, 78
(2017).
[50] G. X. Peng, H. C. Chiang, B. S. Zou, P. Z. Ning, and
S. J. Luo, Phys. Rev. C 62, 025801 (2000).
[51] X. J. Wen, X. H. Zhong, G. X. Peng, P. N. Shen, and
P. Z. Ning, Phys. Rev. C 72, 015204 (2005).
[52] C. J. Xia, G. X. Peng, S. W. Chen, Z. Y. Lu, and J. F.
Xu, Phys. Rev. D 89, 105027 (2014).
[53] B. A. Freedman and L. D. McLerran, Phys. Rev. D 16,
1169 (1977).
[54] A. Kurkela, P. Romatschke, and A. Vuorinen, Phys.
Rev. D 81, 105021 (2010).
[55] T. Hatsuda and T. Kunihiro, Phys. Rep. 247, 221
(1994).
[56] P. Rehberg, S. P. Klevansky, and J. Hu¨fner, Phys. Rev.
C 53, 410 (1996).
[57] D. G. Ravenhall, C. J. Pethick, and J. R. Wilson, Phys.
Rev. Lett. 50, 2066 (1983).
[58] M. S. Berger and R. L. Jaffe, Phys. Rev. C 35, 213
(1987); Phys. Rev. C 44, 566 (1991).
[59] J. Madsen, Phys. Rev. Lett. 70, 391 (1993).
[60] J. Madsen, Phys. Rev. D 47, 5156 (1993).
[61] J. Madsen, Phys. Rev. D 50, 3328 (1994).
[62] C.-J. Xia, G.-X. Peng, T.-T. Sun, W.-L. Guo, D.-H. Lu,
and P. Jaikumar, Phys. Rev. D 98, 034031 (2018).
[63] C.-J. Xia, AIP Conf. Proc. 2127, 020029 (2019).
[64] Y. Sugahara and H. Toki, Nucl. Phys. A 579, 557
(1994).
[65] H. Shen, H. Toki, K. Oyamatsu, and K. Sumiyoshi,
Astrophys. J. 197, 20 (2011).
[66] H. Shen, F. Ji, J. Hu, and K. Sumiyoshi, Astrophys. J.
891, 148 (2020).
[67] X.-S. WANG, H.-Y. SANG, J.-H. WANG, and H.-F.
LV, Commun. Theor. Phys. 60, 479 (2013).
[68] B.-N. Lu, E.-G. Zhao, and S.-G. Zhou, Phys. Rev. C
84, 014328 (2011).
[69] K. Hagino and J. Yao, arXiv:1410.7531 (2014).
[70] T.-T. Sun, C.-J. Xia, S.-S. Zhang, and M. S. Smith,
Chin. Phys. C 42, 25101 (2018).
[71] C. Dover and A. Gal, Prog. Part. Nucl. Phys. 12, 171
(1984).
[72] X. Roca-Maza, X. Vin˜as, M. Centelles, P. Ring, and
P. Schuck, Phys. Rev. C 84, 054309 (2011).
[73] W.-H. Long, J. Meng, N. V. Giai, and S.-G. Zhou,
Phys. Rev. C 69, 034319 (2004).
[74] G. A. Lalazissis, T. Niks˘ic´, D. Vretenar, and P. Ring,
Phys. Rev. C 71, 024312 (2005).
[75] S. Typel, G. Ro¨pke, T. Kla¨hn, D. Blaschke, and H. H.
Wolter, Phys. Rev. C 81, 015803 (2010).
[76] H. Kanzawa, K. Oyamatsu, K. Sumiyoshi, and
M. Takano, Nucl. Phys. A 791, 232 (2007).
[77] H. Kanzawa, M. Takano, K. Oyamatsu, and
K. Sumiyoshi, Prog. Theor. Phys. 122, 673 (2009).
[78] H. Togashi and M. Takano, Nucl. Phys. A 902, 53
(2013).
[79] R. B. Wiringa, V. G. J. Stoks, and R. Schiavilla, Phys.
Rev. C 51, 38 (1995).
[80] J. Carlson, V. Pandharipande, and R. Wiringa, Nucl.
Phys. A 401, 59 (1983).
[81] B. S. Pudliner, V. R. Pandharipande, J. Carlson, and
R. B. Wiringa, Phys. Rev. Lett. 74, 4396 (1995).
[82] H. Togashi, E. Hiyama, Y. Yamamoto, and M. Takano,
Phys. Rev. C 93, 035808 (2016).
[83] M. Dutra, O. Lourenc¸o, S. S. Avancini, B. V. Carlson,
A. Delfino, D. P. Menezes, C. Provideˆncia, S. Typel,
and J. R. Stone, Phys. Rev. C 90, 055203 (2014).
[84] S. Shlomo, V. M. Kolomietz, and G. Colo`, Eur. Phys.
17
J. A 30, 23 (2006).
[85] B.-A. Li and X. Han, Phys. Lett. B 727, 276 (2013).
[86] M. Oertel, M. Hempel, T. Kla¨hn, and S. Typel, Rev.
Mod. Phys. 89, 015007 (2017).
[87] M. Tsang, W. Lynch, P. Danielewicz, and C. Tsang,
Phys. Lett. B 795, 533 (2019).
[88] Y. Zhang, M. Liu, C.-J. Xia, Z. Li, and S. K. Biswal,
Phys. Rev. C 101, 034303 (2020).
[89] P. Danielewicz, R. Lacey, and W. G. Lynch, Science
298, 1592 (2002).
[90] T. Damour and A. Nagar, Phys. Rev. D 80, 084035
(2009).
[91] T. Hinderer, B. D. Lackey, R. N. Lang, and J. S. Read,
Phys. Rev. D 81, 123016 (2010).
[92] S. Postnikov, M. Prakash, and J. M. Lattimer, Phys.
Rev. D 82, 024016 (2010).
[93] R. P. Feynman, N. Metropolis, and E. Teller, Phys.
Rev. 75, 1561 (1949).
[94] G. Baym, C. Pethick, and P. Sutherland, Astrophys. J.
170, 299 (1971).
[95] J. W. Negele and D. Vautherin, Nucl. Phys. A 207, 298
(1973).
[96] Particle Data Group, Chin. Phys. C 38, 090001 (2014).
[97] J. Vermaseren, S. Larin, and T. van Ritbergen, Phys.
Lett. B 405, 327 (1997).
[98] G. Burgio, M. Baldo, P. Sahu, A. Santra, and H.-J.
Schulze, Phys. Lett. B 526, 19 (2002).
[99] C. Maieron, M. Baldo, G. F. Burgio, and H.-J. Schulze,
Phys. Rev. D 70, 043010 (2004).
[100] X.-J. Wen, S.-Z. Su, D.-H. Yang, and G.-X. Peng, Phys.
Rev. D 86, 034006 (2012).
[101] S. Plumari, W. M. Alberico, V. Greco, and C. Ratti,
Phys. Rev. D 84, 094004 (2011).
[102] G. X. Peng, H. C. Chiang, J. J. Yang, L. Li, and B. Liu,
Phys. Rev. C 61, 015201 (1999).
[103] M. G. Alford, A. Schmitt, K. Rajagopal, and
T. Scha¨fer, Rev. Mod. Phys. 80, 1455 (2008).
[104] X. H. Wu and H. Shen, Phys. Rev. C 99, 065802 (2019).
[105] M. Oertel and M. Urban, Phys. Rev. D 77, 074015
(2008).
[106] L. F. Palhares and E. S. Fraga, Phys. Rev. D 82, 125018
(2010).
[107] M. B. Pinto, V. Koch, and J. Randrup, Phys. Rev. C
86, 025203 (2012).
[108] D. Kroff and E. S. Fraga, Phys. Rev. D 91, 025017
(2015).
[109] A. F. Garcia and M. B. Pinto, Phys. Rev. C 88, 025207
(2013).
[110] W.-Y. Ke and Y.-X. Liu, Phys. Rev. D 89, 074041
(2014).
[111] B. W. Mintz, R. Stiele, R. O. Ramos, and J. Schaffner-
Bielich, Phys. Rev. D 87, 036004 (2013).
[112] F. Gao and Y.-x. Liu, Phys. Rev. D 94, 094030 (2016).
[113] E. S. Fraga, M. Hippert, and A. Schmitt, Phys. Rev. D
99, 014046 (2019).
[114] G. Lugones and A. G. Grunfeld, Phys. Rev. C 99,
035804 (2019).
[115] G. Lugones and A. G. Grunfeld, Phys. Rev. C 95,
015804 (2017).
[116] X.-J. Wen, J.-Y. Li, J.-Q. Liang, and G.-X. Peng, Phys.
Rev. C 82, 025809 (2010).
[117] G. Lugones, A. Grunfeld, and M. A. Ajmi, Phys. Rev.
C 88, 045803 (2013).
[118] M. Alford, K. Rajagopal, S. Reddy, and F. Wilczek,
Phys. Rev. D 64, 074017 (2001).
[119] V. Belyaev and Y. Kogan, Phys. Lett. B 136, 273
(1984).
[120] C. Tsang, M. Tsang, P. Danielewicz, F. Fattoyev, and
W. Lynch, Phys. Lett. B 796, 1 (2019).
[121] G. Watanabe, K. Sato, K. Yasuoka, and T. Ebisuzaki,
Phys. Rev. C 68, 035806 (2003).
[122] M. Okamoto, T. Maruyama, K. Yabana, and
T. Tatsumi, Phys. Lett. B 713, 284 (2012).
[123] U. H. Gerlach, Phys. Rev. 172, 1325 (1968).
[124] S. Benic´, D. Blaschke, D. E. Alvarez-Castillo,
T. Fischer, and S. Typel, Astron. Astrophys. 577, A40
(2015).
[125] D. Page, U. Geppert, and F. Weber, Nucl. Phys. A
777, 497 (2006).
[126] D. Vigano´, N. Rea, J. A. Pons, R. Perna, D. N. Aguilera,
and J. A. Miralles, Mon. Not. R. Astron. Soc. 434, 123
(2013).
[127] A. Potekhin, A. De Luca, and J. Pons, Space Sci. Rev.
191, 171 (2015).
[128] D. Blaschke, H. Grigorian, and D. N. Voskresensky,
Astron. Astrophys. 424, 979 (2004).
[129] S. Popov, H. Grigorian, R. Turolla, and D. Blaschke,
Astron. Astrophys. 448, 327 (2006).
[130] T. Kla¨hn, D. Blaschke, S. Typel, E. N. E. van Dalen,
A. Faessler, C. Fuchs, T. Gaitanos, H. Grigorian, A. Ho,
E. E. Kolomeitsev, M. C. Miller, G. Ro¨pke, J. Tru¨mper,
D. N. Voskresensky, F. Weber, and H. H. Wolter, Phys.
Rev. C 74, 035802 (2006).
[131] C. J. Pethick, Rev. Mod. Phys. 64, 1133 (1992).
[132] W. M. Spinella, F. Weber, M. G. Orsaria, and G. A.
Contrera, Universe 4, 64 (2018).
[133] D. Blaschke, T. Klahn, and D. N. Voskresensky,
Astrophys. J. 533, 406 (2000).
[134] A. Cumming, E. F. Brown, F. J. Fattoyev, C. J.
Horowitz, D. Page, and S. Reddy, Phys. Rev. C 95,
025806 (2017).
[135] C. Horowitz, Ann. Phys. 411, 167992 (2019).
